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ABSTRACT
Simulations of cold dark matter make robust predictions about the slope and normal-
ization of the dark matter halo and subhalo mass functions on small scales. Recent
observational advances utilizing strong gravitational lensing have demonstrated the
ability of this technique to place constraints on these quantities on subgalactic scales
corresponding to dark matter halo masses of 106–109M. On these scales the physics
of baryons, which make up around 17% of the matter content of the Universe but
which are not included in pure dark matter N-body simulations, are expected to affect
the growth of structure and the collapse of dark matter halos. In this work we develop
a semi-analytic model to predict the amplitude and slope of the dark matter halo
and subhalo mass functions on subgalactic scales in the presence of baryons. We find
that the halo mass function is suppressed by up to 25%, and the slope is modified,
ranging from −1.916 to −1.868 in this mass range. These results are consistent with
current measurements, but differ sufficiently from the expectations for a dark matter
only universe that it may be testable in the near future.
Key words: dark matter – large-scale structure of Universe – cosmology: theory
1 INTRODUCTION
Recent work by Vegetti et al. (2014), Hsueh et al. (2019), and
Gilman et al. (2019) has demonstrated that strong gravita-
tional lensing can provide constraints on the normalization
of the dark matter subhalo mass function on mass scales of
106–109M, with the possibility that future measurements
may also constrain the slope of that mass function. There
are robust predictions from cold dark matter (CDM) theory
based largely on N-body simulations of pure dark matter
universes for the slope of the mass function, and subhalo
mass function, in this regime. For example, Springel et al.
(2008) find a best fit slope for the subhalo mass function of
d logN/d logm = −1.9 in the Aquarius N-body simulations
(varying between −1.87 and −1.93 depending on the exact
mass range used in their fit), and Fiacconi et al. (2016) find-
ing a slope of −1.877 in the Ponos simulations. However,
the mass scales of 106–109M probed by strong gravita-
tional lensing are comparable to the Jeans mass in the IGM
post-reionization. For example, Gnedin (2000) show that the
Jeans mass at mean density can reach over 1010M in the
post-reionization universe.
Consequently, baryons on these scales do not act as a
collisionless fluid and the growth of perturbations on these
? E-mail: abenson@carnegiescience.edu
scales can no longer be treated using collisionless dynamics
(e.g. with pure N-body simulation techniques). Instead, the
hydrodynamics of the baryonic component must be taken
into account.
These baryonic effects have been investigated using hy-
drodynamical simulations of structure formation. For exam-
ple, Schaller (2015; their §4.3.2, fig. 4.2) show the z = 0
mass function of halos in the Eagle simulations compared to
an equivalent dark matter only model. They find that the
halo mass function is suppressed in the presence of baryons
by around 30% at 108M, with the suppression becoming
consistent with 0% above around 1012M. Qin et al. (2017)
examine the effects of baryons on halo formation using the
DRAGONS simulations, exploring several models including
an adiabatic model with no atomic cooling, stellar physics or
reionization, through to models including gas cooling, star
formation, and feedback. In their adiabatic model they find
the mass function is suppressed by up to 60% at z = 9
at halo masses of 1010M, while for halo masses of 108M
the suppression varies between 10–50% between z = 2 and
z = 13. The inclusion of reionization and feedback in their
models leads to further suppression.
These prior works have not explicitly assessed the ef-
fects on the slope of the halo and subhalo mass functions, nor
have they been able to probe the full range of halo masses
relevant to strong gravitational lensing observations. Here,
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we develop a simple treatment for the nonlinear collapse of
halos on scales below the Jeans mass. Our goal is to de-
velop intuition for the magnitude of these effects, provide a
framework for rapidly modeling these effects as a function of
redshift and dark matter microphysics, and use this frame-
work to estimate how the slope and normalization of the
halo and subhalo mass functions are changed from the pure
dark matter expectation on mass scales relevant to strong
gravitational lensing constraints.
Throughout this work we adopt a cosmological model
characterized by (Ωm,Ωb,ΩΛ, H0/km s
−1Mpc−1, σ8, ns =
0.275, 0.0458, 0.725, 70.2, 0.816, 0.968; Komatsu et al. 2011)
for consistency with Qin et al. (2017) to which we make
some comparisons. The framework presented in this work is
not explicitly calibrated to this particular set of cosmological
parameters however, and so can also be applied to universes
characterized by other, more recent determinations of cos-
mological parameters.
2 METHODS
To model the formation of halos we utilize the well-
established framework of the spherical collapse model (Gunn
& Gott 1972; Peebles 1980, §19) for halo formation, together
with Press-Schechter/excursion set techniques to model halo
and subhalo mass functions (Press & Schechter 1974; Bond
et al. 1991; Bower 1991). In the following subsections we
generalize these models to scales below the Jeans mass in
the IGM where the baryonic component no longer under-
goes gravitational collapse.
2.1 Linear Growth
The coupled equations for the growth of linear perturbations
in the dark matter and baryons are given by (Gnedin & Hui
1998):
δ¨X + 2Hδ˙X = 4piGρ¯(fXδX + fbδb)
δ¨b + 2Hδ˙b = 4piGρ¯(fXδX + fbδb)− c
2
s
a2
k2δb, (1)
where δX and δb are the overdensities of the dark matter
and baryonic perturbations respectively, H is the Hubble
parameter, ρ¯ is the mean density of the universe, fX and fb
are the fractions of that mean density in the form of dark
matter and baryons respectively, cs is the sound speed in
the baryons, k is the comoving wavenumber of the pertur-
bation, a is the expansion factor, and an over dot indicates
a derivative with respect to time.
In the limit of k → ∞ perturbations in the baryonic
component do not grow, and so δb = 0 (after any possi-
ble initial perturbation has decayed away). In an Einstein-
de Sitter cosmology (and, therefore, during the matter-
dominated phase of general cosmologies) the resulting equa-
tion for the dark matter then admits power-law solutions in
time, t, of the form δX ∝ tp ∝ a3p/2, where (Hu & Eisenstein
1998):
p(fX) =
±√1 + 24fX − 1
6
. (2)
Considering only the growing modes, in the limit of fX → 1
we find p = 2/3, or δX ∝ a—the usual growth factor for a
pure dark matter Einstein-de Sitter universe. For fX < 1,
p < 2/3, so perturbations in the dark matter grow more
slowly due to the presence of the non-clustering baryons. In
the limit fX → 0 we find p → 0, and perturbations in the
dark matter no longer grow (and will in fact decay away as
the decaying mode has p = −1/3 for fX = 0).
For the case of a general cosmological model and ar-
bitrary wavenumber we use equations (1) to evolve linear
perturbations in the post-recombination universe. We use
CAMB (Challinor & Lewis 2011, version 1.0.7) to compute
the transfer function to zi = 150 to set the initial conditions
(δX, δ˙X, δb, δ˙b), and then integrate forward in time to solve
for the growth of linear perturbations during the remainder
of cosmic history. This initial redshift is chosen to be low
enough such that the transfer function would be (almost)
independent of time if the universe evolved adiabatically
with no further heating, but high enough that no sources
of heating (stars or AGN) have yet begun to form.
2.2 Nonlinear Collapse
We next consider the nonlinear collapse of spherical top-
hat perturbations on scales k → ∞ such that the baryonic
component does not undergo gravitational collapse.
2.2.1 Critical Overdensities
A key ingredient in the family of Press-Schechter theories is
the extrapolated linear theory overdensity at which a spheri-
cal perturbation collapses to zero radius, δc. Since for k →∞
the baryons do not undergo gravitational collapse, the en-
ergy within a spherical perturbation is not conserved (Wein-
berg & Kamionkowski 2003), and the usual approach (e.g.
Percival et al. 2000) used to solve for the critical overdensity
for collapse can not be applied. Instead we must use the ap-
proach developed for the case of dark energy (for which the
energy of the perturbation is similarly not conserved—e.g.
Percival 2005, to which the reader is referred for a com-
plete description of the approach). Briefly, the evolution of
the perturbation radius, ap, is described by the cosmology
equation for the perturbation, along with the cosmology and
Friedmann equations for the background (which have iden-
tical solutions as the pure dark matter case since on the
largest scales the pressure of the baryons has no effect):
1
ap
d2ap
d(Ht)2
= −1
2
[
ΩXa
−3
p + Ωba
−3 − 2ΩΛ
]
,
1
a
d2a
d(Ht)2
= −1
2
[
ΩXa
−3 + Ωba
−3 − 2ΩΛ
]
,
1
a2
[
da
d(Ht)
]2
= ΩXa
−3 + Ωba
−3 + ΩKa
−2 + ΩΛ, (3)
where ap(t) is the radius of the spherical perturbation, a(t)
is the expansion factor of the Universe, ΩX, Ωb, and ΩΛ are
the density parameters for dark matter, baryons, and dark
energy1 respectively.
1 Note that even though we use a subscript “Λ” our derivations
follow Percival (2005) in assuming a dark energy model with equa-
tion of state w(a) = w0+w1a(1−a). The equations must be solved
numerically even in the case of a cosmological constant, so there
is no loss in simplicity by allowing for general dark energy models.
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Percival (2005) set the initial conditions for these equa-
tions using an analytic solution for ap(t) appropriate in the
limit Ht→ 0 (in which case the ΩΛ term can be neglected).
However, in the case considered here no such analytic so-
lution is available as the Ωb term is not negligible at early
times. Instead, we proceed by directly choosing a small ini-
tial perturbation, δ0, at some early time, t0, such that this
perturbation is well within the linear regime. We further
set the initial growth rate of this perturbation such that
it matches the linear growth factor expected during the
matter-dominated regime (see eqn. 2), i.e.
δ˙0
δ0
=
D˙(t0)
D(t0)
. (4)
The initial radius of the perturbation is then found from the
relation
1 + δ0 =
[
a(t0)
ap(t0)
]3
, (5)
while the initial growth rate of the radius is found from the
derivative of this equation
1
3
δ˙0
1 + δ0
=
a˙
a
− a˙p
ap
. (6)
For a given time, t, we seek the value of δ0 which results
in collapse (i.e. ap(t) = 0) at that time. The critical over-
density for collapse, extrapolated to the present day (as is
conventional) is then simply δc(t) = δ0/D(t0).
Figure 1 shows the results of the spherical collapse cal-
culations in the limit where baryons do not cluster (k  kJ)
as a function of baryon fraction. The upper panel shows that
the critical overdensity for collapse, δc, decreases slowly as
baryon fraction is increased. This does not mean that it is
easier for perturbations to collapse when baryons do not par-
ticipate in clustering—δc is the amplitude of the correspond-
ing linear perturbation at the time when the non-linear per-
turbation collapses. Growth of both linear and non-linear
perturbations is slowed compared to the dark matter only
case when baryons do not cluster, but the linear growth is
slowed more, such that the linear perturbation has reached
a smaller amplitude by the time of non-linear collapse.
The preceding gives the solution for the limit where
baryons do not cluster at all, i.e. k →∞. The standard case
(treating baryons as a collisionless fluid) gives the opposite
limit, k → 0, where baryon pressure is negligible. To inter-
polate between the two regimes we make use of the filtering
mass (Gnedin & Hui 1998; Naoz & Barkana 2007). The frac-
tion of baryons present in a halo of total (i.e. dark matter
plus baryonic) mass Mt, is given by
fb(Mt, t) =
Ωb/Ω0
[1 + (21/3 − 1)8MF(t)/Mt]3 , (7)
where MF(t) is the filtering mass. Since this is a measure of
the extent to which baryons cluster we simply interpolate
critical overdensities as
δc(Mt, t) = δc,k→0(t)fb(Mt, t)
+δc,k→∞(t)[1− fb(Mt, t)], (8)
where δc,k→0(t), and δc,k→∞(t) are the critical overdensities
in the k → 0, and k → ∞ limits respectively. While this
choice of interpolation between the k → 0 and k → ∞
regimes is not rigorously justified the difference between
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Figure 1. Properties of spherical, nonlinear collapse as a function
of the baryon fraction, fb. The top, middle, and lower panels show
the critical overdensity for collapse, the virial density contrast,
and the ratio of turnaround to virial radii respectively, all at z =
0. For the virial density contrast, the line shows the contrast of
the collapsed dark matter perturbation relative to the total mean
density (i.e. including baryons).
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δc in these two regimes is small—for our chosen cosmo-
logical model we find that δc = 1.662 (1.675) for fb =
0.167 (0.000)—and as such we do not expect the exact choice
of how to interpolate to significantly affect our results. We
will check this assumption in §3.2.
2.2.2 Virial Density Contrasts
Although we do not explicitly consider the post-virialization
properties of halos in the remainder of this work, for com-
pleteness we have calculated the virial density contrast
achieved by the collapsing perturbation2. To do this we fol-
low the procedure described by Percival (2005; §8). Briefly,
the energy of the perturbation is assumed to be conserved
between turnaround (when the energy is purely gravitational
potential energy, as, by definition, there is no kinetic compo-
nent at turnaround), and post-virialization (where the en-
ergy of the dark matter is shared between gravitational and
kinetic in the usual virial ratio). For perturbations below the
Jeans scale, the baryonic component does not cluster, and
its contribution to the gravitational potential energy of the
perturbation therefore differs from the usual case. Following
the approach of Percival (2005) we find that their eqn. (38)
for the ratio of virial to turnaround radii, x = Rvir/Rta, is
modified to become(
1 + r − [1 + 3w(ata)] q
2
)
x+
(
− r
2z
[1 + 3w(avir)]
q
y
)
x3 =
1
2
,
(9)
where ata and avir are the expansion factors at the epochs
of turnaround and virialization respectively,
q =
ΩΛ
[1 + δ(ata)]ΩX(ata)
,
r =
Ωb
[1 + δ(ata)]ΩX(ata)
,
y =
a
f(ata)
ta
a
f(avir)
vir
,
z =
a3ta
a3vir
, (10)
measure the contributions of baryons and dark energy to
the energy of the perturbation, f(a) depends on the equa-
tion of state of dark energy (Percival 2005), and δ(ata) is
the overdensity of the perturbation at turnaround. We then
interpolate between the k → 0 and k → ∞ regimes in the
same way as for critical overdensities.
The middle panel of figure 1 shows the virial density
contrast of the collapsed perturbation. Specifically, this is
2 The non-participation of baryons in the collapse of the halo may
also affect the internal structure of the halo, such as its concen-
tration. We do not consider this in detail in this work. However,
the delayed collapse of the halo would be expected to reduce the
concentration. For example, at z = 0 for a M = 107M halo we
will show in §3 that σ(M) is reduced by a factor of around 8%
relative to a dark matter only model. Using the scaling of con-
centration with peak height found by Diemer & Kravtsov (2014)
for low mass halos this would lead to a reduction in concentration
of around 8% for these halos. This effect would be captured by
concentration models which explicitly depend on the formation
epoch of the halo (e.g. Ludlow et al. 2016).
the mean density of the virialized dark matter perturbation
relative to the total mean density (i.e. including baryons).
The virial density contrast decreases slowly with increasing
baryon fraction—the perturbation is more weakly bound as
baryons no longer contribute as much to the energy of the
collapsing perturbation. For similar reasons, the turnaround
radius relative to the virial radius of the perturbation in-
creases slowly with baryon fraction as shown in the lower
panel of figure 1. For our chosen cosmological model we find
that ∆vir = 356.3 (358.6), and Rta/Rvir = 2.089 (2.069) for
fb = 0.167 (0.000).
3 RESULTS
Using the methods developed in the previous section we can
now compute halo and subhalo mass functions once we adopt
a thermal history for the IGM (which sets the sound speed
appearing in equation 1). We consider three cases: a model
in which the IGM cools adiabatically after decoupling from
the CMB with no further heating, the thermal history of the
ADIAB model of Qin et al. (2017) which includes only shock
heating due to structure formation, and a simple reionization
model. The thermal evolution of the IGM, along with the
Jeans and filtering masses, in the adiabatic and reionization
models are shown in Figure 2.
The ADIAB model of Qin et al. (2017) is included so
that we may compare our results to those obtained by a full
hydrodynamical simulation. We have not shown the results
of this model in this section for brevity, but will comment
on how well our model agrees with the results of Qin et al.
(2017).
Our simple reionization model assumes that reioniza-
tion at z = 8 instantaneously photoheats the IGM to
T = 1.5 × 104 K (motivated by the fact that the cooling
function of primordial gas increases rapidly at this temper-
ature, making it difficult to heat to much higher tempera-
tures), followed by cooling following a power-law in (1 + z)
such that the z = 0 temperature is T = 5 × 103 K, consis-
tent with the results of Dave´ & Tripp (2001). This simple
model is also in approximate agreement with the measure-
ments of Boera et al. (2014) at the mean density of the IGM
at z = 2.5 (assuming an exponent of the power-law relation
between temperature and density contrast of γ = 1.5 in their
analysis). This thermal history is intended to be illustrative
of the effects of a likely reionization scenario only—we will
comment on the effects of plausible variations to this ther-
mal history in §4.
3.1 Power Spectra
Figure 3 shows the linear theory power spectrum normalized
to the dark matter-only case (left panel), and the logarith-
mic slope of the linear theory power spectrum (right panel)
at redshifts z = 0.0, 0.5, 2.0, 5.0, 9.0, 13.0 from blue to red.
Dotted lines indicate a dark matter only model (i.e. all ef-
fects of baryons are ignored), dashed lines indicate a model
in which the IGM cools adiabatically, while solid lines indi-
cate our simple model of reionization. Note that dotted and
dashed lines coincide almost precisely in this figure. The
adiabatic model shows a feature at k > 102 Mpc−1 which
arises from suppression of growth by baryons at very high
MNRAS 000, 000–000 (0000)
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Figure 2. Left panel: The temperature of the IGM as a function of redshift. Dashed lines indicate a model in which the IGM cools
adiabatically, while solid lines indicate our simple model of reionization. Right panel: The Jeans mass (green lines) and filtering mass
(blue lines) as a function of redshift for the same two models.
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Figure 3. Left panel: The linear theory power spectrum, normalized to the dark matter-only case, at redshifts z = 0.0, 0.5, 2.0, 5.0,
9.0, 13.0 from blue to red. Dotted lines indicate a dark matter only model (i.e. all effects of baryons are ignored), dashed lines indicate
a model in which the IGM cools adiabatically, while solid lines indicate our simple model of reionization.Right panel: The logarithmic
slope of the linear theory power spectrum for the same models and redshifts.
redshifts. The simple reionization model additionally shows
a feature in the power spectrum around 10 Mpc−1 which
arises from the heating of the IGM in the post-reionization
regime3.
3 The wiggles at the high-k regime of this feature are a result
of the sharp transition in temperature in the IGM in our simple
reionization model. In a more realistic model these features would
be smoothed out.
Figure 4 shows the root-variance of the density field,
σ(M), in a top-hat filter on mass scale M . In the sim-
ple reionization model we see that σ(M) is reduced at low
masses in the post-reionization universe. As such, we may
expect the halo mass function to be suppressed on these
mass scales also.
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Figure 4. The root-variance as a function of mass, σ(M), at
redshifts z = 0.0, 0.5, 2.0, 5.0, 9.0, 13.0 from blue to red. Dotted
lines indicate a dark matter only model (i.e. all effects of baryons
are ignored), dashed lines indicate a model in which the IGM
cools adiabatically, while solid lines indicate our simple model of
reionization. (Note that dotted and dashed lines coincide in this
plot.)
3.2 Halo Mass Functions
To compute halo mass functions we adopt the approach of
Benson et al. (2013). Briefly, the halo mass function follows
the form proposed by Press & Schechter (1974), but using a
numerical solution to the excursion set barrier crossing prob-
lem (which is necessary because the barrier, δc, is no longer
independent of mass, and is further modified as proposed by
Sheth et al. 2001 to account for ellipsoidal collapse).
We begin by examining our results using the thermal
history of the ADIAB model of Qin et al. (2017)—we remind
the reader that we do not show results from this model in any
figures, but instead simply discuss the results here. Prior to
reionization, at z = 9 and z = 13, our model predicts no sig-
nificant change in the halo mass function relative to a pure
dark matter model, while Qin et al. (2017; see their Fig. 6)
find significantly more suppression in the halo mass func-
tion. The lack of suppression in our model at these epochs is
not surprising—the temperature of the IGM in the ADIAB
model of Qin et al. (2017) remains low (T < 30 K) until
z ≈ 9. While the Jeans mass is only MJ = 1.3× 106M and
MJ = 5.5 × 105M respectively at these epochs, Qin et al.
(2017) find suppression of up to 50% even at masses of 109–
1010M. We hypothesize that the lack of suppression in our
model is due to the assumption of a uniform IGM temper-
ature, while in the ADIAB model of Qin et al. (2017) the
IGM is heated by virialization shocks which are localized
around forming structures, so the effective Jeans mass for
collapsing structures may be significantly higher.
By z = 2, where we may expect the IGM temperature
to be much more uniform, the Qin et al. (2017) results show
a suppression of the mass function reaching to about 15–20%
at 108M. Here we predict a suppression of around 20% at
this same mass and redshift. Our model performs well in
matching results from hydrodynamical simulations at late
times, where our assumption of a relatively uniform IGM
temperature is expected to be most valid.
We now explore the predictions made by our model for
the case where baryons cool adiabatically after they decou-
ple from the CMB, and for simple models of heating of the
IGM by reionization. The left panel of figure 5 lines show
the resulting halo mass functions at a range of redshifts,
normalized to the dark matter only case, while the right
panel shows the logarithmic slope of the same mass func-
tions. Prior to the onset of reionization at z = 8 our adia-
batic and reionization models evolve identically, and so the
dashed and solid lines coincide precisely at these epochs.
In the left panel points show the results of Qin et al. (2017)
for their “NOSN NOZCOOL” model (which includes reionization
but no other galaxy formation physics and so corresponds
most closely to our reioniaztion model) at z = 5 and z = 9
with colours matched to the corresponding redshift from our
model.
The adiabatically cooling model (dashed lines) actually
has a higher halo mass function at z = 9 and z = 13 than the
dark matter only case. This is because, in the adiabatic case
we use initial conditions for perturbations in the dark matter
and baryons from CAMB, which includes the full evolution
of these perturbations from higher redshifts. As a result,
perturbations in baryons are smaller at the initial epoch
(z = 150) than those in the dark matter. In the dark mat-
ter only simulations we assume that baryons always behave
collisionlessly and so their initial conditions are identical to
those of the dark matter. In the adiabatic model therefore,
perturbations are suppressed slightly and grow more slowly.
Since our power spectra are normalized to a present day σ8
this means that at high redshifts the adiabatic model actu-
ally had more power than the dark matter only model. In
this mass an redshift range the exponential cut-off term in
the mass function is important. As such, the mass function
is exponentially sensitive to σ(M), and so the small increase
in power is amplified, leading to a more noticeable increase
in the halo mass function.
In our simple reionization model, at epochs post-
reionization there is suppression of the mass function, by
a level reaching up to 25% at M = 107M at z = 0, with
suppression beginning to be important at masses of 1010M.
We have checked whether our choice of how to interpolate δc
between the k → 0 and k →∞ regimes significantly affects
our results by repeating our calculations using a constant
δc fixed at the value expected in each limit. We find that
our predicted halo mass function is affected by less than
1%. The points in the left panel of Fig. 5 show the results
from the “NOSN NOZCOOL” model of Qin et al. (2017). While
this model differs from ours in the details of reionization
it is nevertheless interesting to compare the qualitative be-
haviour. At z = 9 the model of Qin et al. (2017) already
shows significant suppression, while ours does not. Similar
behaviour was found when comparing to the ADIAB model
of Qin et al. (2017). By z = 5 however there is qualitative
agreement between Qin et al. (2017) and our results, both
in the amplitude of the suppression at low masses, and in
the mass scale at which the suppression begins to become
important.
The right panel of figure 5 shows the logarithmic slope of
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Figure 5. Left panel: Halo mass functions at redshifts z = 0.0, 0.5, 2.0, 5.0, 9.0, 13.0 from blue to red, normalized to the dark matter-only
case. Dotted lines indicate a dark matter only model (i.e. all effects of baryons are ignored; by construction these lines are horizontal at
a value of 1 on the y-axis), dashed lines indicate a model in which the IGM cools adiabatically, while solid lines indicate a simple model
of reionization. Points show the results of Qin et al. (2017) for their “NOSN NOZCOOL” model at z = 5 and z = 9 with colours matched
to the corresponding redshift from our model. Right panel: Logarithmic slope of the same halo mass functions. Dashed and dotted lines
coincide almost precisely in this plot.
the same mass functions. Note that dotted and dashed lines
coincide almost precisely in this figure. At lower redshifts
the dark matter only model has a slope very close to −1.90
across the entire range of masses shown. (At higher redshifts
the slope is much steeper due to the effects of the exponential
cut off in the halo mass function.) In the model including
reionization however the slope is seen to be shallower than
−1.90 across much of this mass range, reaching as high as
α = −1.868 at 109M.
We have examined the effects of changing the assumed
temperature evolution of the IGM on these results. We con-
sidered a high temperature model in which the IGM is
heated to 2.5 × 104 K immediately post-reionization, cool-
ing to 104 K at z = 0 (the upper limit allowed by Dave´
& Tripp 2001), and a low temperature model in which the
IGM is heated to only 104 K post-reionization, and cools to
2.5× 103 K by z = 0. The main effect of these changes is to
shift the onset of suppression in the mass function (and the
corresponding “bump” in the slope between 1010–1011M)
to higher or lower mass respectively without substantially
changing the magnitude of the suppression or the slope of
the mass function at lower masses.
3.3 Subhalo Mass Function
To construct subhalo mass functions we build merger trees.
In this case we do not solve the excursion set crossing prob-
lem directly —we find that to compute crossing rates (as
needed for merger tree building) for CDM power spectra is
prohibitively computationally expensive. Since the barrier,
δc is almost constant (and as shown in §3.2 treating it as
constant makes almost no difference) we simply assume a
constant barrier and use the usual solutions for that case—
specifically, we use the algorithm of Parkinson et al. (2008)
with parameter values from Benson (2017). We choose host
halo masses at z = 0 in the range 1–2 × 1013M as typi-
cal of halo masses of massive elliptical lenses (e.g. Gilman
et al. 2019), and a minimum halo mass of 5× 107M which
is below the regime where we expect changes in the slope
of the (sub)halo mass function (e.g. see Figure 5). We allow
for subhalos to merge with their host on a dynamical fric-
tion timescale as calibrated by Jiang et al. (2008), but do
not include any other evolution of subhalo masses (such as
tidally-induced mass loss). As such, our subhalo mass func-
tions illustrate the effects of the suppression of halo growth
by baryons alone, and may not match exactly the results
of N-body simulations. Our goal here is to understand the
effects of the suppression of growth due to baryons only—
effects such as tidal mass loss could be incorporated into
our model by following the orbital evolution of each subhalo
(Taylor & Babul 2001; Pullen et al. 2014).
Figure 6 shows the subhalo mass function for dark
matter-only, adiabatic evolution, and our simple reioniza-
tion model, each normalized to the dark matter only case
(left panel), and the slope of the same mass functions (right
panel). Thick lines indicate the mass function of all subhalos,
while thin lines include only those subhalos which accreted
into their host halo after z = 1.
Considering first the overall subhalo mass function
(thick lines) the adiabatic model shows an increase of a few
percent relative to the dark matter-only case. This occurs
for the same reason as the increase in the mass function
at high redshifts as seen in Figure 5 and discussed in §3.2.
Since the subhalo mass function is built up by the accretion
of subhalos over a wide range of epochs this enhancement
is preserved in the z = 0 subhalo mass function. Relative to
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Figure 6. Left panel: Subhalo mass functions at redshift z = 0 for host halo masses in the range 1–2× 1013M normalized to the dark
matter-only case. Dotted lines indicate a dark matter only model (i.e. all effects of baryons are ignored; by construction these lines are
horizontal at a value of 1 on the y-axis), dashed lines indicate a model in which the IGM cools adiabatically, while solid lines indicate a
simple model of reionization. Thick lines indicate the mass function of all subhalos, while thin lines include only those subhalos which
accreted into their host halo after z = 1. Right panel: Logarithmic slope of the same subhalo mass functions.
the adiabatic model, the subhalo mass function in our simple
reionization model is suppressed by around 5% at the lowest
masses—a much weaker suppression than is seen in the mass
function (Figure 5). To understand why the subhalo mass
function is less strongly affected by heating of the IGM it
is useful to consider the mass function of recently-accreted
subhalos—e.g. those accreted after z = 1 as shown by the
thin lines in Figure 6. The subhalo mass function of these
recently accreted halos is more strongly affected by baryonic
physics at low masses—showing a suppression of up to 10%.
Those subhalos that are accreted early will be less affected
by the suppression of structure growth as the Jeans mass
is lower at these epochs and small scale perturbations have
spent less time below the Jeans scale such that their growth
will have been less suppressed.
To understand the effects of halo mass and redshift on
the suppression of the subhalo mass function, we have also
computed the subhalo mass function in lower mass (1–2 ×
1012M) halos, and at z = 0.5 (in the original 1–2×1013M
halos). We find that the degree of supression changes only
weakly as a result of these changes in halo properties—at
fixed subhalo mass the suppression in a ∼ 1012M halo at
z = 0 is very similar to that in a ∼ 1013M halo at z = 0. At
z = 0.5 the suppression is weaker (almost non-existant) for
the entire subhalo population of the ∼ 1013M halos, while
the suppression of subhalos accreted after z = 1 is almost
the same as for the corresponding z = 0 halos.
The effects of baryonic physics on the subhalo mass
function have been explored by several groups using hydro-
dynamical simulations. Such simulations should naturally
incorporate the same physics that we model in this work,
but will also include additional processes which may reduce
the number of subhalos at a given mass (e.g. tidal stripping
and destruction of subhalos by the galaxy which forms at the
center of the host halo—Sawala et al. (2017) find that bary-
onic effects suppress subhalo abundances by 20% at large
radii, increasing to 40% at small radii—indicating that tidal
effects are strong at small radii). Therefore, we expect these
simulations to predict more suppression than is found in our
model. There is remarkable consistency in the results of hy-
drodynamical simulations for the suppression of low mass
subhalos—Brooks & Zolotov (2014), Sawala et al. (2015),
Jahn et al. (2019), and Samuel et al. (2019) all find that the
number of low mass subhalos is suppressed by around 30%
in their hydrodynamical simulations compared to an equiv-
alent dark matter-only simulation. This factor is larger than
the 5% found in this work, indicating (as expected) that ad-
ditional baryonic effects beyond those considered here are
important. Despali & Vegetti (2017) find 20% and 40% sup-
pression of the subhalo mass function due to baryonic effects
at low masses in the Eagle and Illustris hydrodynamical sim-
ulations respectively, indicating that the degree of suppres-
sion is dependent on the baryonic physics (which will affect
the properties of the central galaxy that contributes to tidal
disruption of the subhalos). Chua et al. (2017) also find a
suppression of around 30% at low subhalo masses in their
analysis of the Illustris simulations, but point out that the
abundance of high-mass subahlos is enhanced by the inclu-
sion of baryons (which can act to make the subhalos more
strongly bound).
4 DISCUSSION AND CONCLUSIONS
We have developed a semi-analytic model to describe the ef-
fects of baryons on the dark matter halo and subhalo mass
functions at scales below the Jeans mass in the IGM. The
model agrees well with results from hydrodynamical sim-
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ulations at late times, but shows less suppression at early
times—we hypothesize that this is due to the fact that the
IGM is assumed to be uniformly heated in our approach,
while in the hydrodynamical simulation to which we com-
pare heating (by virialization shocks) is localized around
collapsed halos. The approach developed in this work could
plausibly be extended to considering different thermal histo-
ries in different environments, potentially allowing a better
treatment of the suppression of low mass halo formation at
epoch where heating of the IGM is patchy. For the subhalo
mass function, the model developed in this work predicts
less suppression than is found by hydrodynamical simula-
tions. This is expected as hydrodynamical simulations will
naturally incorporate additional sources of suppression (e.g.
tidal destruction of subhalos by the massive central galaxy
of their host halo) which we do not include here. This in-
dicates that we should combine our model with a detailed
treatment of the orbital and tidal evolution of subhalos as
was done by Pullen et al. (2014), but additionally including
the effects of baryons. We will leave an examination of these
extensions to future papers.
For simple models of the thermal evolution of the IGM
in the post-reionization universe we find that the halo mass
function is suppressed by up to 25% on mass scales below
1010M. The slope of the mass function is also modified on
these scales, reaching up to α = −1.868 at halo masses of
109M. The effects on the subhalo mass function are sig-
nificantly smaller as a large fraction of the subhalo popula-
tion formed before the IGM was significantly heated. These
mass scales are now beginning to be probed by strong grav-
itational lensing studies (Vegetti et al. 2014; Gilman et al.
2019; Hsueh et al. 2019), which are sensitive to the mass
function over a broad range of redshifts from z = 0 to z ≈ 3.
While Gilman et al. (2019) measured only the subhalo mass
function slope (assuming a fixed value for the mass func-
tion4) given that line of sight halos contribute significantly
to the overall lensing cross-section (Despali et al. 2018) we
may expect that similarly powerful constraints on the mass
function slope could be obtained from this type of observa-
tion. Our predictions are consistent with current constraints
on the slope and normalization of the mass functions from
Vegetti et al. (2014), and Gilman et al. (2019), but those con-
straints can not currently discriminate our prediction from
expectations for a pure dark matter model. However, the
results of Vegetti et al. (2014) and Gilman et al. (2019) are
based on just 11 and 8 strong gravitational lensing systems
respectively. As more such systems are obtained and anal-
ysed the constraints on the slope and normalization of the
(sub)halo mass function are expected to become stronger
and may allow the effects of baryons on the dark matter
halo mass function to be directly probed.
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